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IDEALS IN A PERFECT CLOSURE, LINEAR GROWTH
OF PRIMARY DECOMPOSITIONS, AND TIGHT CLOSURE

RODNEY Y. SHARP AND NICOLE NOSSEM

ABSTRACT. This paper is concerned with tight closure in a commutative Noe-
therian ring R of prime characteristic p, and is motivated by an argument of
K. E. Smith and I. Swanson that shows that, if the sequence of Frobenius
powers of a proper ideal a of R has linear growth of primary decompositions,
then tight closure (of a) ‘commutes with localization at the powers of a single
element’. It is shown in this paper that, provided R has a weak test element,
linear growth of primary decompositions for other sequences of ideals of R
that approximate, in a certain sense, the sequence of Frobenius powers of a
would not only be just as good in this context, but, in the presence of a certain
additional finiteness property, would actually imply that tight closure (of a)
commutes with localization at an arbitrary multiplicatively closed subset of R.

Work of M. Katzman on the localization problem for tight closure raised the
question as to whether the union of the associated primes of the tight closures
of the Frobenius powers of a has only finitely many maximal members. This
paper develops, through a careful analysis of the ideal theory of the perfect
closure of R, strategies for showing that tight closure (of a specified ideal a of
R) commutes with localization at an arbitrary multiplicatively closed subset of
R and for showing that the union of the associated primes of the tight closures
of the Frobenius powers of a is actually a finite set. Several applications of
the strategies are presented; in most of them it was already known that tight
closure commutes with localization, but the resulting affirmative answers to
Katzman’s question in the various situations considered are believed to be new.

0. INTRODUCTION

This paper was motivated by a desire to explore the property, which might be
possessed by certain sequences of proper ideals in a commutative Noetherian ring
of prime characteristic, of having linear growth of primary decompositions. The
property has been studied by K. E. Smith and I. Swanson [15] in the context of the
localization problem for tight closure.
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To set the scene, let R be a commutative Noetherian ring of prime characteristic
p, and let a be a proper ideal of R. For n € Ny (we use Ny (respectively N) to
denote the set of non-negative (respectively positive) integers), the n-th Frobenius
power alP"] of a is the ideal of R generated by all p"-th powers of elements of a.
Also, R° denotes the complement in R of the union of the minimal prime ideals of
R.

An element r € R belongs to the tight closure a* of a if and only if there exists
¢ € R° such that ¢r?” € alP"! for all n > 0. The theory of tight closure was invented
by M. Hochster and C. Huneke [3], and many applications have been found for the
theory; see [7]. A major open problem about this theory concerns the question of
whether tight closure ‘commutes with localization’; see [7} Chapter 12]. It is known
that it does for many particular choices of R and a; see Aberbach—Hochster—Huneke
[], and also [7, Chapter 12].

The starting point for the work in this paper is the following: if the Frobenius
powers of the proper ideal a of R have linear growth of primary decompositions in
the sense that there exists a positive integer h such that, for every non-negative
integer n, there exists a minimal primary decomposition alP"l = Qi N Nk, n
with m[pn]h Cq;p foralli=1,...,k,, then tight closure of a commutes with
localization at a multiplicatively closed subset consisting of the powers of a single
element of R, that is, a*R, = (aR,)* for all u € R. A proof of this fact can be
extracted from the proof of [I5, Corollary (1.3)].

It should be noted that Swanson established an analogous linear growth property
for the ordinary powers of a proper ideal in an arbitrary commutative Noetherian
ring in [16l Theorem 3.4]. The present first author subsequently provided a shorter
proof of a more general result in [13].

In this paper, we shall approach questions about linear growth of primary de-
compositions by studying the ideals in the perfect closure R of R. When R is not
reduced, by the perfect closure of R we mean the perfect closure of Ryeq := R/ \/@ :
we recall M. J. Greenberg’s work [2] in this context in §II

A study of the ideals of R* leads us to the concept of an f-sequence of ideals
of R, that is, a sequence (a,)nen, of ideals of R such that f~!(a,41) = a, for
all n € Ny, where f : R — R denotes the Frobenius homomorphism. The se-
quence ((alP"1)*),cn, of tight closures of the Frobenius powers of the ideal a of R
is one example of an f-sequence. Another comes from taking the F-closures of the
Frobenius powers of a: the F-closure af” of a is defined as

af” = {r € R: there exists n € Ny such that r?" € a[pn]} ,

and ((alP"1F), ey, is another example of an f-sequence. A third example involves
the so-called plus closures in the case when R is a domain: the plus closure a®™ of
a is defined to be the contraction back to R of the extension of a to the integral
closure of R in an algebraic closure of its field of fractions, and we shall see in 4
that ((alP"1)*),ey, is an f-sequence.

It turns out that the set of f-sequences of ideals of R is in a natural bijective
correspondence with the set of ideals of the perfect closure R of R. We explore
this bijective correspondence in some detail in the early part (§8] §dland §6]) of this
paper, building on work of D. A. Jordan [9] that provides, among other things, a
rather concrete description of R*.
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The sequence of Frobenius powers of an ideal a of R is not always an f-sequence.
In 8 of the paper, we extend the concept of linear growth of primary decompositions
to f-sequences in the obvious way. One of the main results of that section is
Theorem [7.9, which shows that if a proper ideal of R> has a primary decomposition,
then the f-sequence (a,)nen, of ideals of R to which it corresponds has linear growth
of primary decompositions, and UneNo ass a,, is finite. It should be noted that R
is only Noetherian in rather uninteresting situations, so that the existence of a
primary decomposition for a proper ideal of R* would be a bonus that we should
not expect in all cases.

Several of the main results of this paper involve the hypothesis that R has a
p™o-weak test element for some mg € Ng. A p™°-weak test element is an element
¢’ € R° such that, for every ideal b of R and for r € R, it is the case that r € b*
if and only if ¢/r?" € blP"l for all n > mgy. A p’-weak test element is called a
test element. It is a result of Hochster and Huneke [5l Theorem (6.1)(b)] that an
algebra of finite type over an excellent local ring of characteristic p has a p™°-weak
test element for some mg € Ny.

In Theorem [T6, we relate linear growth of primary decompositions for certain
f-sequences to the general localization problem for tight closure, on the assumption
that R has a weak test element. This result, when used in conjunction with the
above-mentioned Theorem [[9] has the following consequence: if R has a p™°-weak
test element, a is a proper ideal of R and (a,)nen, is an f-sequence of ideals of
R that approximates the Frobenius powers of a in the sense that al?”l C a, C
(alP"1)* for each n € Ny, and if the ideal of R> to which the f-sequence (a,)nen,
corresponds has a primary decomposition, then a*S™'R = (aS™'R)* for every
multiplicatively closed subset S of R. Furthermore, we show in Theorem that,

in these circumstances, the ideal of R*™ to which the f-sequence ((a[p"])*)neNO

corresponds also has a primary decomposition, so that ((a[pn])*)n €No has linear
growth of primary decompositions and the set |J, <y, ass(alP")* is finite. This is of
interest because M. Katzman’s approach in [I0)] to the localization problem for tight
closure led to the following question: is it always the case that (J, oy, ass(alP")*
has only finitely many maximal elements?

These results in §7] together provide a strategy (presented in detail in Theorem
[[15) for attempting to show that tight closure of a given proper ideal a of R com-
mutes with localization and attempting to answer Katzman’s question for a. A
variant of the strategy that applies when the Frobenius powers of a have linear
growth of primary decompositions and UneNo assal?"! is finite is presented in The-
orem[7.14] although this should be accompanied by the warning that Katzman [10]
has provided an example of a proper ideal ? in a ring of the type under consideration
in this paper for which UnENo ass0lP"! is infinite!

Several applications of these strategies are presented in the final §§ We point
out now that in most of those applications, it was already known that tight closure
commutes with localization, often from the paper of Aberbach—Hochster—-Huneke
[1]; however, the numerous results from use of the strategies that show that, in
various circumstances, the union of the associated primes of the tight closures of
the Frobenius powers of a fixed ideal is a finite set are, we believe, new, and, in
view of the above-mentioned question of Katzman, of some interest.

For some of the applications, primary decompositions of appropriate ideals of
perfect closures are constructed by ‘approximating’, in some sense, the original
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ring R by a regular commutative Noetherian ring of characteristic p. Here, we just
mention two of the applications, to give the general flavour. One of the main results
of §8lis that if R is equidimensional and integral over a regular excellent subring A,
and a is the extension to R of a proper ideal of A, then, provided R has a weak test
element, the set UnENo ass(a[p"])* is finite. A corollary is that if z1,...,z4 form
a system of parameters for an equidimensional excellent local ring R, and a is a
proper ideal of R generated by ‘polynomials’ in z1, ..., x4 with coefficients in the
prime subfield of R, then the set |, cy, ass(al?"1)* is finite.

1. THE PERFECT CLOSURE

For a commutative ring R of prime characteristic p we shall always denote by
f : R — R the Frobenius homomorphism, for which f(r) = r? for all r € R.
Recall that R is said to be perfect if f is an isomorphism.

1.1. Definition. M. J. Greenberg [2, §2] proved that, for a general, not necessarily
perfect, R of the above type, there exists a pair (R*, ¢), where R* is a perfect
ring and ¢ : R — R is a ring homomorphism such that, for any other such pair
(R, ¢'), there exists a unique ring homomorphism 1 : R — R’ with ¢ o ¢ = ¢';
furthermore, Ker ¢ = /(0), the nilradical of R, and if @ € R, then a?” € ¢(R)
for some m > 0. The ring R is referred to as the perfect closure of R.

1.2. Remark. It follows from Greenberg’s work cited in [Tl that, with the notation
of that definition, R*>® can be constructed by forming the perfect closure of the
reduced ring Ryeq := R/ \/@ . In @Bl below, we shall provide a concrete method of
construction of the perfect closure of a reduced commutative ring of prime charac-
teristic.

1.3. Remark. It also follows from Greenberg’s work cited in[[Tthat if R =~ [ | R;
is a finite product of commutative rings of the same prime characteristic, then
R> >~ [T, R*™.

1.4. Remark. Let A be a subring of a commutative ring A’ of prime characteristic
p. Then A’ is said to be a purely inseparable extension of A if, for every element
a’ € A, there exists n = n(a’) € Ny such that a’’" € A. Tt is easy to deduce from
[[1] that this is the case if and only if the ring homomorphism (> : A® —s A’

induced by the inclusion homomorphism ¢ : A — A’ is an isomorphism.

2. JORDAN’S CONSTRUCTION

Throughout this section, let A denote a (not necessarily commutative) ring (with
identity), and let g : A — A be an injective ring homomorphism. In [9], D. A.
Jordan constructed in this situation a ring A’ containing A as a subring such that
g extends to A’ and is an automorphism of A’; the same paper provides a detailed
description of the left ideals of A’. We now recall his construction of A’.

2.1. Definition. The skew polynomial ring Alz,g] associated to A and g in an
indeterminate x over A is, as a left A-module, freely generated by (z%);en,, and so
consists of all polynomials Z?:o a;x*, where n € Ny and aq, .. .,a, € A; however,
its multiplication is subject to the rule

za=g(a)r forall a € A.
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The (generalized) skew Laurent polynomial ring Alx, 2=, g] associated to A and g is
the left quotient ring of A[z, g] with respect to the left denominator set {x% : i € No}.
Hence elements in A[x, 27!, g] are finite sums of elements of the form 2~/ az?, where
a € A and i,j € Ny and multiplication in A[z, 271, g] is subject to the rules

za = g(a)z, ar ! = xilg(a) for all a € A.

(In the case when g is an automorphism, the elements of Az, 7!, g] can be written
in the form Y"1 a;z’, where m,n € Z and a,,...,a, € A. Then Alz,z7!,g] is
the standard skew Laurent polynomial ring.)

Let A’ be the subring of the skew Laurent polynomial ring A[z,z~!, g] consist-
ing of all elements of the form z %az’ with i € Ny and a € A. As 2z %ax’ =
=49 gi(a)z**7 for all j € Ny, this is a subring of Alz,z~ !, g] with

2 bart + 2 bl = x*(iJrj)(gj(a) + gi(b))xiJrj,
(x_iaxi)(x_jbxj) — x—(iﬂ‘)(gj (a)gi(b))x”j

for all 4,7 € Ny and a,b € A. The ring homomorphism ¢ extends to A’ via
g(z%az®) = x7g(a)z’ for all i € Ny and @ € A; in fact, g : A/ — A’ is a
ring isomorphism.

Jordan’s philosophy in [9] is based on the fact that the skew Laurent polynomial
rings Alz,x7!, g] and A’'[x, 271, g] are isomorphic; this means that one may tackle
problems concerning the structure of A[z,z71, g] by reducing to the more familiar
case where ¢ is an automorphism, provided that one can handle the relationship be-
tween A and A’. To this end, Jordan provided in [9, §4] a comprehensive description
of the left ideals of A’. We review this next.

2.2. Definitions. Let the situation be as in 211

(i) Jordan calls a left ideal I of A closed if g="(Ag"(I)) (:= (¢") ' (Ag™(1)))
C I for all n € N.

The argument in the proof of [0l Proposition 4.4(i)] shows that if .J is an
arbitrary left ideal of A and k € Ny, then pi(J) :=J g " (Ag" TR ()
is always a closed left ideal of A.

(ii) Jordan says that a sequence (I, )nen, of left ideals of A is a g-sequence
if g7Y(I,11) = I, for all n € Np. (Actually, Jordan also required that
all of the left ideals I, in the sequence be closed; however, this is an
automatic consequence of the property that g=!(I,,11) = I, for all n € Ny,
as we now show. Let n € Ny and i € N. Since g~ %(I,,4;) = I, we have
Ag'(I,) C Iy Therefore g~ *(Ag*(I,)) € ¢ *(Inss) = I,. This shows
that I,, is closed.)

(iii) If J is a left ideal of A, then the argument in the proof of [9, Proposition
4.4(ii)] shows that (pn(J)),cy, i @ g-sequence: we refer to this as the
canonical g-sequence associated to J.

(iv) Jordan defined [9] p. 439] a natural partial order on the set of g-sequences
of left ideals of A: for such g-sequences (In,),,cy, and (J5) we write

neNg

neNg?
(In)neny < (Jn)pen, if and only if I, C J, for all n € No.
(v) We shall occasionally find it convenient to use the ring homomorphisms

O A — A (n € Ny) defined by ¢, (a) = 27 "az™ for all a € A (and
n e No)
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2.3. Theorem (Jordan). Let the situation be as in[2l. There is an order-preserving
bijection, ', from the set of left ideals of A’, partially ordered by inclusion, to the
partially-ordered set of g-sequences of left ideals of A given by

[T+ (I)nen, where I, :={a€ A:z "az" € I} = ¢, (I) for all n € Ny.

The inverse bijection, T ™Y, also order-preserving, is given by

T (I)neno — | 27" L™ = | én(ln).

n€Ny n€Np

If, with the notation of the above theorem, I'(I) = (I,,)nen,, then we shall say
that (I, )nen, is the g-sequence associated to, or corresponding to, I, and, given a g-
sequence (I, )nen,, we shall call the left ideal I'=!((I,,)nen, ) the left ideal associated
to, or corresponding to, the g-sequence (I, )nen,-

3. APPLICATION OF JORDAN’S CONSTRUCTION TO PERFECT CLOSURES

In this section, we explain the relevance of Jordan’s construction of §2 to the
perfect closure of a reduced commutative Noetherian ring R of prime characteristic
p (and R will have this meaning throughout this section). Since R is reduced, the
Frobenius homomorphism f : R — R is injective, and we may take f : R — R
for the g : A — A in Jordan’s construction of §2

3.1. Remark. We apply Jordan’s construction with f : R — R in the role of
g:A— A
(i) The ring A’ (which is commutative in this case) is just the perfect closure
of R, because if R’ is a perfect commutative ring and ¢’ : R — R’ is aring
homomorphism, then there is a unique ring homomorphism ¢ : A” — R’
whose restriction to R is ¢, given by ¥ (z~"rz™) = ¢'(r)'/?", the unique
p"-th root of ¢'(r) in R/, for all n € Ny and r € R.
We shall denote A’ in this case by R*®. Observe that, for n € Ny and
r € R, the element = "rz™ of R is the unique p"-th root r'/?" of r in
R, and the ring homomorphism ¢, : R — R>™ of ZZ(v) maps r to
r1/P" _ Thus Jordan’s construction provides a rather concrete presentation
of the perfect closure of R.
(ii) A sequence (a,)nen, of ideals of R is an f-sequence if f~*(a,41) = a, for
all n € Ng.

Of course, Jordan’s Theorem provides detailed information about the ideals
of R>°.

3.2. Corollary. There is an order-preserving bijection, I, from the set of ideals
of R>, partially ordered by inclusion, to the partially-ordered set of f-sequences of
ideals of R given by
I:A+— (an)neNO,
where
Ay ={r e R:a "ra" = r/P" ¢ A} = ¢ (A) for all n € Ny.
The inverse bijection, T Y, also order-preserving, is given by

T (an)neny — | 2 "ana™ = | énlan).

n€Np n€Np
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4. PROPERTIES OF f-SEQUENCES

Throughout this section and the remainder of the paper, R will denote a com-
mutative Noetherian ring of prime characteristic p; note that we have dropped the
hypothesis that R be reduced. In this section, we extend the concept of f-sequence
of ideals to this more general situation, and then develop the concept in some detail.

4.1. Definitions. Let a and b be ideals of R.

(i) The ideal a of R is said to be F-closed if, whenever r € R is such that
r?" e alP"] for some n € Ny (or, equivalently, for all n >> 0), then r € a.

(ii) An f-sequence of ideals of R is a sequence (a,)nen, of ideals of R such
that f~(a,41) = a, for all n € Ny. There is a partial order on the set of
such f-sequences, defined analogously to the partial order of 2.2(iv). The
argument of 2-2(ii) applies here to show that every term in an f-sequence
is F-closed.

(iii) The F-closure of b is the (F-closed) ideal b* := {J, oy, f~"(Rf"(b)) =
Unen, f*"(b[”n]), and ((b[p"])F)neNo is an f-sequence, called the canoni-
cal f-sequence associated to b.

4.2. Remark. Let (a,)nen, be an f-sequence of ideals of R.

(i) The f-sequence (a,)nen, is descending, because if ¢ € ap41 for some
n € Ny, then f(a) = a? € a,41, so that a € f~1(a,41) = a,. Further,

[»]

an' C ay41 since f(a,) C apta.

This implies, as a,41 is F-closed, that a%)] - (a[,f)])F

that \/a, = \/a,11, for all n € Ny.

Similar arguments show that (a%ﬂ)F C a4, for all n, j € No.

(ii) Each term a, in the f-sequence contains /(0), since a,, is F-closed.

(iii) We shall sometimes need to use the fact that if, for some ¢ € N, one has
a sequence (by,),>; of ideals of R such that f=1(b,41) = b, for all n > ¢,
then there is exactly one way of extending the sequence ‘downwards’ to
an f-sequence (by)nen,. One achieves this extension by setting b, =
f=@m(py) forallm =t —1,...,0.

(iv) Note that assa, C assa, for each n € Ny, since f~1(a,11) = apn.

(v) Note also that all the terms of the f-sequence (a,)nen, have the same set
of minimal primes, since \/a,, = /&, 1 for alln € Ny, by (i). The members
of the common set of minimal primes of the terms of the f-sequence are
referred to as the minimal primes of the f-sequence; note that there are
only finitely many of these minimal primes.

C apy1 € ap, so

The fact that every term in an f-sequence of ideals of R contains the nilradical
of R (by @2(ii)) means that there is an obvious bijective correspondence (given by
extension of the terms and contraction of the terms) between the set of f-sequences
of ideals of R and the set of f-sequences of ideals of Ry..q. This means that Jordan’s
Corollary has an analogue that applies in this more general situation.

4.3. Corollary. We shall use overlines to denote natural images in Ryeq of elements
of R under the natural homomorphism 7 : R — Ryeq, although we shall sometimes
omit the overlines when R is itself reduced. We shall interpret the subring A’ of
the skew Laurent polynomial ring Ryeq[r, 271, f], as defined in B0, as the perfect
closure (Ryed)®™ = R of R. For each n € Ny, we shall use ¢, : Ryea — R to
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denote the ring homomorphism for which ¢, (T) = ™ "Ta™ = 7U/P" for all r € R,
and P, : R — R to denote the composition ¢, o .

There is an order-preserving bijection, ', from the set of ideals of R*, partially
ordered by inclusion, to the partially-ordered set of f-sequences of ideals of R given
by

r:Ar— (an)nENm
where

a, ;= {re R:ax "ra" =7/P" e A} =7 (A) for all n € Ny.

The inverse bijection, T Y, also order-preserving, is given by

I (an)nen, — U " w(a,)z" = U VU (ay).
n€Ng n€Ng
4.4. Lemma. Letn : R — R’ be a homomorphism of commutative Noetherian
rings of characteristic p, and let (al)nen, be an f-sequence of ideals of R’ corre-
sponding to the ideal A" of R'*°. Let n®° : R®° — R'*° be the Ting homomorphism
induced by n (see §1).
Then the f-sequence of ideals of R corresponding to the ideal (n°°)~ (') of R™®

!

is (07 (a0) e, -

Proof. Let ¢, : R — R be the ring homomorphism of [£3] and let ¢/, : R’ —
R'*® be the corresponding ring homomorphism for R’. The claim follows easily
from the fact that °° o 4, = !, on for all n € Ny. O

5. EXAMPLES OF f-SEQUENCES

Throughout this section, R will denote a commutative Noetherian ring of prime
characteristic p. The first two lemmas in this section present important examples
of f-sequences.

5.1. Lemma. Let a be an ideal of R. Then ((al?"1)*)
closures of the Frobenius powers of a, is an f-sequence.

Proof. Let n € Ny.

Let r € f1 ((a[pnﬂ])*), so that r? € (al?""'1)* and there exists ¢ € R° such that
c(rP)?’ € (aP" " NP] for all j > 0; hence er?’ " € (alP" P for all j > 0, so that
r e (alP"y*. Hence f~1((al?""'1)*) C (alP"))*.

Now let € (alP"])* so that there exists ¢ € R° such that ot € (a[pn])[pj] for
all j > 0. Then P17’ ¢ ((a[”"])[pj])[p] for all j > 0. Hence cp(r”)pj € (a[pnﬂ})[pj]
for all j > 0, and so r? € (a[pnﬂ])* because ¢ € R°. O

ey’ the sequence of tight

The next lemma concerns the case where R is a domain and involves the plus
closure of an ideal a of R: the reader was reminded about this concept in the
Introduction. In this situation, we denote by R™ the integral closure of R in an
algebraic closure of its field of fractions, and refer to R* as the absolute integral
closure of R. Recall from Huneke [7), p. 15] that a C a™ C a*.

5.2. Lemma. Assume that R is a domain and let a be an ideal of R. Then
((a[”"])"’)neNo, the sequence of plus closures of the Frobemius powers of a, is an
f-sequence. In fact, it is the f-sequence corresponding to the ideal aRT N R of
R in the correspondence of B2
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Proof. Tt is enough to prove the second statement. Let (a,)nen, be the f-sequence
of ideals of R that corresponds to the ideal aRT N R>® of R>®. Let n € Ny, and
suppose that ay,...,a; generate a. Note that a, = {r € R:r'/?" € aR* N R>®}.
Let r € (alP"1)*. Thus 7 € R and there exist o1,...,0, € R such that r =
a’l’"ol + o+ afnat. Now, for each i = 1,...,t, the unique p™-th root Ui1/p" of o;
in the algebraic closure of the field of fractions of R is integral over RT, and so
belongs to RT. Hence r/?" = alai/pn + e+ atatl/pn € aRt N R*. Therefore
r € a,. Thus (CL[””])Jr C a,,. The reverse inclusion is even easier. O

We now drop the hypothesis that R is a domain, and revert to our standard
hypotheses about R. We would like to have a variant of the concept of plus closure
available for use in situations where R is not a domain (and not even reduced), and
the following definition introduces a suitable one.

5.3. Definition and remarks. Suppose that there are h minimal prime ideals
P1,-..,pn of R; let a be an ideal of R. For each ¢ = 1,...,h, one can use the
integral domain R/p; to construct ((R/p;)* and) the plus closure ((a + p;)/p;)* of
the ideal (a + p;)/p; of R/p;.

We define the plus closure a™ of a to be the contraction back to R of the ideal
Hle((a +p;)/pi)t of the direct product H?:l R/p; under the natural ring homo-
morphism v : R — H?Zl R/p;.

Note that, in view of §1, one can identify (H:‘L:1 R/pi)Oo with H?:l(R/pi)‘X’
under an isomorphism that maps

((ri +p1)y...,(rn+ ph))l/;ﬂn

to
(e o)™ rn o))
forry,...,r, € Rand n € Ny, and there is an induced injective ring homomorphism
h h )
V> : R® = (Reea)™ — [[(R/p:)™ = <HR/pi>
=1 =1
such that

> (Fl/p") = ((7“ + Pl)l/p", con(r -Hﬁh)l/pn) for all » € R and n € Nj.

We use v*° to identify R*° as a subring of H?zl (R/pi)°°; the latter ring is identified
with a subring of H?ZI(R/ p;)T in the obvious natural way. Note that the diagram

%o
R

ROO

h (i)

i=1 70

I1, (R/p:) [T, (R ——— [Ty (R/p)*
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(in which ¢ : R — R* and w(()i) :R/p; — (R/p;)> (i =1,...,h) are the natural
ring homomorphisms) commutes, and

ot =t (ﬁ<<a+ /e )

((ﬁw((f>> (f[ ((a+p;)/pi) R/Pi)+ﬂ(R/pi)O<>)>
:(¢0)_1<VOO ((ﬁ ((a+4pi)/ps) R/pz)) (f[(R/pz)‘X’)))

h
= (vo) ™" (( H((a + m)/pi)(R/mﬁ) a R‘”) :

When R is a domain, a™, as defined in E3, coincides with the plus closure of

a, as defined by Hochster and Huneke. The next lemma demonstrates that, in the
general case, plus closure retains one important property of the Hochster—-Huneke
concept.
5.4. Lemma. Let a be an ideal of R, and use the notation of B3l

(i) We have a C a™ C a*.

(ii) The f-sequence of ideals of H:;L:I R/p; to which the ideal

h

H((a +pi)/pi)(R/pi)™ 0 (R/pi)>

i=1

of Hl 1(R/pi)> (H:‘L:1 R/pi)Oo corresponds s

h
<H (@1 4+ pi) /i) )

(iii) Also, ((a[pn])Jr)neN0 is the f-sequence of ideals of R corresponding to the
ideal

n€Np

(f[ ((a+pi)/pi) R/m)*)ﬂRm

of R>.

Proof. (i) It is clear that a C a™. Let r € at. Then

h
v(r) = (r+p1,...,7 +pn) EH a+p)/pi)T H a4 pi)/pi)* CHR/pz
i=1 =1

i=1

It then follows from [7, Theorem 1.3(c)] that r € a*.
(ii) This is an easy consequence of [3.2]
(iii) This now follows easily from Lemma H.4]applied to the ring homomorphism

v:R— T, R/pi. 0

The next lemma will help us to construct new examples of f-sequences from
known ones.
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5.5. Lemma. Let (a,)nen, be an f-sequence of ideals of R and let U be the cor-
responding ideal of R*. Let S be a multiplicatively closed subset of R, and, with
the notation of B3 set T := |, ey, 27 "m(5)z", a multiplicatively closed subset of
R*>. Further let € and ¢ stand for extension and contraction with respect to the
natural ring homomorphism R — S™'R, and let ¥ and © stand for extension
and contraction with respect to the natural ring homomorphism R® — T~1(R>).

Then (a5 nen, s also an f-sequence of ideals of R, and the ideal of R> to which
it corresponds is AFC .

Proof. 1t is straightforward to check that T is a multiplicatively closed subset of
R>. Thus AFC is an ideal of R*™. Let (al)nen, be the corresponding f-sequence
of ideals of R. It is enough for us to show that a), = a¢ for each n € Ny. Note that
o/, ={a € R:x "az" € AFCY}.

Let a € a?®. Thus there exists s € S such that sa € a,,. Hence z7"35ax" € 2, so
that z~"sz"z "az" € A. Since x~"3z" € T, this means that z~"az" € AFC and
a€a,.

Now let @ € /), so that z "@x" € AFY and there exists 7 € T such that
Tz "ax" € A. We can write 7 = 2 532* for some k € Ny and s € S. If k < n,
then

*nsp"*k —n—_n —k—=, .k

J— p— n—k — — — J—
T ar" =" "s? "z "ax" =z "sxx "ax" =tz "az" € A.

. . n—k n—k
Hence, in this case, s a € a,, so that a € ai° because s? e€s.
We now consider the case where k > n. Then

P P P _L_pk—n P Lk _ P
e "sar" =x "Fa " "ar" =2 M5 TaFr"ar" =2k Yk (ra="aa™) € A.

Therefore sa € a,, so that a € a’’. d

6. PRIMARY DECOMPOSITIONS IN PERFECT CLOSURES

Throughout this section, R will denote a commutative Noetherian ring of prime
characteristic p. Our aim in the section is to establish necessary and sufficient
conditions for a proper ideal 2 of the perfect closure R* to have a primary decom-
position; our conditions will be phrased in terms of the f-sequence of ideals of R
that corresponds to .

6.1. Theorem. Let A be an ideal of R, and let (a,)nen, be the corresponding
f-sequence of ideals of R. We use the notation of HE3l
(i) The ideal A is prime if and only if there is a p € Spec(R) such that p = a,
for all n € Ng. Thus the f-sequence corresponding to a prime ideal P
of R* is the constant f-sequence (W‘l(‘ﬁﬂRred))neNo, and the corre-
spondence of B3] yields an inclusion-preserving bijective correspondence
between Spec(R*>°) and Spec(R).
(ii) The sequence (\/an), cy, @ an f-sequence, and it corresponds to the ideal

Va2l of R®. Thus \/UneNO rm(an)r" = U, ey, T (VER) "

(iii) The ideal A is radical if and only if there is a radical ideal b of R such that
b =aqa, for all n € Ny.

(iv) Let P € Spec(R™), and let p be the corresponding prime ideal of R: see (i)
above. Then A is a P-primary ideal of R if and only if a, is p-primary
for all n € Ny.
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(v) Let (Ux)xcp e a family of ideals of R, and, for each A € A, let (axn)nen,
be the f-sequence corresponding to ™UAx. Then (ﬂ)\eA a,\m)neNO is the f-
sequence of ideals of R corresponding to the ideal (o, ™An of R*. Con-

sequently,
U (x‘”ﬂ( ﬂ a,\m)x”) = ﬂ ( U a:_"w(aA7n)x”).
n€Np AEA AEA “neENg

Proof. Since each term in an f-sequence of ideals of R, and each prime ideal of
R, contains \/(0_) , it is enough for us to prove this theorem under the additional
assumption that R is reduced; with this assumption, ¥, = ¢, for all n € Ny.

(i) We have f~1(a,41) = a, = ¢, 1 () for all n € Ny, and it is immediate from
this that if 2 is prime, then (a,)nen, is constant with all its terms equal to the
same prime ideal.

Conversely, if there exists p € Spec(R) such that a,, = p for all n € Ny, then it
is routine to check that A = (J, cy, *7"p2" € Spec(R2°°): note that 1 cannot be
written as 2~ "rz" for any r € p, and that if a, b € R are such that z %az’z7bz’ € A
for some integers 4,j € N, then x=%=7 fi(a) fi(b)x't7 € A, so that fI(a)fi(b) €
a;+; = p, from which it follows that a or b lies in p.

(ii) Of course, V2 is an ideal of R*; by B3, the f-sequence to which it corre-
sponds is

(o (@), = (Vor'®) = (e,
neNo n€Ny

(iii) The ideal 2 is radical if and only if 2 = v/2l; by B3] this is the case if and
only if the f-sequences to which 2 and /2 correspond are the same; and it follows
from part (ii) that this is the case if and only if a,, = \/a,, for all n € Ny. Finally,
note that, when this is the case, we have a,, = a,41 for each n € Ny, by E2(i).

(iv) If A is P-primary, then, since p = ¢, *(PB) (by part (i)) and a,, = ¢, (), it
follows that a,, is p-primary (for all n € Ny).

Conversely, suppose that a, is p-primary for all ¢ € Ng. Then, by parts (i) and
(ii), we have 2 C NOTE P, so that 2 is proper. Suppose that a,b € R are such
that x~%az’z~Iba’ € 2 for some integers i, j € Ng. Then x~"~7 fJ(a) fi(b)z*t7 € A,
so that f7(a)f'(b) € a;4;. It follows from this that either f7(a) € a;4; or fi(b) €
V@it; = p, that is, either a € f~7(a;4;) = a; or b € p. Hence either z~"az’ € A or
z bz € P = /2. Thus A is P-primary.

(v) The f-sequence corresponding to the ideal [,c, ™x of R is, by B3]

() L =(Nete) =(Non)

The final claim now follows from .31 O

We can quickly deduce from Theorem [6.1] that R* is only Noetherian in rather
uninteresting cases.

6.2. Lemma. Let B € Spec(R>). Then PP"l = P =P for all n € N.

Proof. Let p € Spec(R) correspond to P in the correspondence of 611(i). Let o € B.
With the notation of B3, we have a = z7'Tz" for some r € p and some i € Nj.
Now x~ 17zttt ¢ = Ix(p)2it! C P. Hence a = 7z’ = z~ Pt =
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(z= 17ty € PPl Hence B C PP, Tt follows that P = PP, and then, by
induction, that P = 2]3[”"]’ for all n € N.
Finally, 8 D " D PBP"l =P for all n € N. O

We next justify our claim that R* is only Noetherian in uninteresting cases.

6.3. Theorem. The following conditions are equivalent:
(i) R* is Noetherian;
(ii) Ryeq 1s a direct product of a finite number of fields;
(iii) R™ is a direct product of a finite number of fields.

Proof. We can, and do, assume that R is reduced.

(i) = (ii) As R* is Noetherian, every prime ideal of R* is finitely generated. As
for every prime ideal P of R we have 2 = P (by[6.2)), Nakayama’s Lemma implies
that each prime ideal in R*° is a minimal prime. Hence dim R* = 0. Therefore
R is Artinian with finitely many maximal ideals, 9y, ...,9M,,, say. By Theorem
B1(i), Spec R = {my,...,m,}, where m; corresponds to M; for ¢ = 1,...,n and
each m; (1 < i < n) is a maximal ideal of R. As R is reduced, the natural ring
homomorphism R — R/my x --- X R/m,, is an isomorphism.

(ii) = (iil) This follows from [[3land [9], Proposition 3.1].

(iii) = (i) This is clear. O

Thus it is not clear whether a given proper ideal 2l of R* has a primary de-
composition (although we shall present in §§ some examples of proper ideals in
non-Noetherian perfect closures that do have primary decompositions). But if it
does, we can draw some interesting conclusions, as we now show.

6.4. Theorem. Let 2 be an ideal of R and let (an)nen, be the corresponding
f-sequence of ideals of R. For each k = 1,...,t, let Py be a prime ideal of R,
let pi be the corresponding prime ideal of R (see [611(i)), let Qi be an ideal of R,
and let (qrn)nen, be the f-sequence of ideals of R corresponding to Qy.
Then the following are equivalent:
(i) A has a primary decomposition A = Q1N --NQ;, where Qy, is P-primary
fork=1,...,t;
(ii) each ay has a primary decomposition ap = q1,., N -+ N qen Such that qi.n
is pr-primary for all k =1,...,t and all n € Ny.

Furthermore, when these equivalent conditions are satisfied,
U assa, = {W_l(‘ﬁ N Reeq) : P € asspe (A)} = assa;  for all j >0,
neNg
and so is finite; also, the primary decomposition of A given in (i) is minimal if and

only if the primary decomposition of a,, given in (ii) is minimal for all n > 0.

Proof. Assume that statement (i) is true. By [6[(iv), gk is pr-primary for all
k=1,...,tand all n € Ny; furthermore, with the notation of[43, we have, for each
n € Ny,

t t t
a, =, (A) = wnl( N Qk) =) ¢! Q) =) k-
k=1 k=1 k=1

Thus statement (ii) is true.
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Now suppose, in addition, that 2l = Q1 N--- N Q; is a minimal primary decom-

position of 2. The bijective correspondence of BII(i) shows that py,...,ps are all
distinct. Choose j € {1,...,t}. Since (in view of [E1I(v))

¢
Ux” 7(q)n)2 ZQjZﬂQkZ U ﬂ%n " |,

n€Ny k=1 n€Ny
k£ "
there exists n € Ny such that
t
q5,n 2 n qk,n -
k=1
k]

Hence refinement of the primary decomposition a, = qi,, N --- N ¢, to a mini-
mal primary decomposition cannot result in the removal of q;,. Therefore p; €
assda,. Since the sequence (assay),y, is increasing (by E2[iv)), it follows that
p; € assanqy, for all b € Ny. It follows that the primary decomposition of a,, given
in (ii) is minimal for all m > 0.

Now assume that statement (ii) is true. It follows from BT{iv) that Qf is Py-
primary, and from BE1I(v) that

U x "m(a,)z™ = U <x”w(ﬁqkn>x">

nENo neNg
ﬂ ( U =" m(akn)z ) ﬂ Q.
k=1 “neNg

Thus statement (i) is true.

Now suppose that the primary decomposition of a; given in (ii) is minimal for
all j > 0. This means that py,...,p; are all different (so that Py,...,P; are all
different) and assa; = {p1,...,p;} for all j > 0. Now if the primary decomposition
A= 02:1 £, were not minimal, then it would be possible to refine it to a minimal
primary decomposition which would have fewer than ¢ terms; it would then follow
from what we have proved above (when dealing with the implication (i) = (ii))
that all the sets assa,, (n € Np) would have fewer than ¢ terms, and this would be a
contradiction. Hence 2 = ﬂzzl ) must be a minimal primary decomposition. [

It follows from Theorem [6.3]that, provided R,cq is not a direct product of a finite
number of fields, there will be ideals in R> that are not finitely generated. It will be
helpful to have information about exactly when an ideal of R is finitely generated,
and our next result provides this. Its proof uses some ideas from the proof of Jordan
[9, Theorem 5.6]. Observe that if % = (aq,...,a:)R> is a finitely generated ideal
of R°°, then there exist k € Ny and a1,...,a; € R such that a; = 2~ *a;z" for all

j=1,...,t
6.5. Theorem. Let A C R*™ be an ideal and (a,)nen, be the f-sequence corre-
sponding to . Let k € Ny and a1,...,a; € R. Then, with the notation of 3] the
following statements are equivalent'

(i) A = (= Fagzh, ... = Fa?)R>;

(ii) apen = ((a1,...,a)P"N)F for all n € Ny.
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Note. When statements (i) and (ii) in the theorem are satisfied, we can describe in
precise terms not only the axi, for n € Ny, but also each a; for 0 < j < k: since
(an)nen, is an f-sequence, we must have a; = ff(kfj)(ak) = f-(k=9) ((al, ol at)F).

Note also that a special case of this theorem yields that, if a is an ideal of R,
then the f-sequence that corresponds to the ideal aR> of R* is ((a[pn])F)neNo.
Proof. (i) = (ii) Let n € Ny. As 2~ *a;a* € 2, we have a; € a; for all j =1,...,¢,
and so it follows from EE2(i) that ((a1,...,a:)P")F C agin.

Next consider b € agiyn. Then, by definition, 2~ F+™Mpgktn c A As A =
(z=Fara®, ...,z Faa® )R>, we can write a2~ (F+mpghtn = Z§'=1 pjx~ka;a® for
some p1,...,ps € R>®. Hence

t
_ p" *k—;ﬂk*—n kE _ "—=p
o Z Pj p aJ

As p1,...,pt € R, there exists m € Ny such that, for all j = 1,... ¢, we have
phtntm —p™ ¢ pFtntm__ ntm - .\ 7L+7n]
Py € Ryeq. Therefore b = E; 175 ajp IS (al, o a)lP Hence

there exists b’ € (ay,...,a:)P"" "] such that »»" — ¥ € \/(0), and it follows easily
that b € ((ay,...,a:)P"1)F. Therefore

n+m

Aotn & ((alv oo ’at)[p"])F.
(i) = (i) As ar = (a1,...,a;)F and A = Unen, "7 (ay)2™, it follows that
r~Faga® ... r~Fagah € A. Hence (z~*ara®, ... o~ *ak)R> C A

Next consider v € 2. We can write 'y = x~"az® for some i € Ny and some a € a;.
If i < k, then v = rFaP* gk with a?" T € ai. Hence we can assume that ¢ > k.
Write ¢ = k 4 n, where n € Ny.

Then, as a € apyn = ((a1,...,a;)P")F, there exists m € Ny such that
m n m n+m
a?" € ((ar,...,a)P" NP = (ag, ... )"
™ n4m
Therefore, we can write a? = Z§'=1 rja§ for some 71,...,r; € R. Hence

'Yp

t
m _ _ m _ _.m _ n+m
_ (.13 (k+n)axk+n)p - (k+n)ap xk-{-n - (k+n) ( E Tja;? )xk-i-n

j=1

_ . _ _n4m
_ § z (k+n)rjxk+nx (k+n)ajp xk-{-n
_ E z (k+n+m)r p™" karnerxfka—jp ’xk

p
— (Z J?_(k+n+m)7“_jl‘k+n+ml‘_ka_j$k>

j=1

Therefore v = Z; o~ (ktntm)gpktntmy—kGgk because the Frobenius homo-

morphism acts bijectively on R*°; hence v € (z~*aga®, ... v~ aak)R>. O
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7. LINEAR GROWTH OF PRIMARY DECOMPOSITIONS

Throughout this section, R will denote a commutative Noetherian ring of prime
characteristic p. In the following definition, we extend the concept of ‘linear growth
of primary decompositions’, defined in the Introduction for the sequence of Frobe-
nius powers of a given ideal of R, to f-sequences.

7.1. Definition. Let (a,)nen, be an f-sequence of proper ideals of R and let h be
a positive integer.

We say that (a,)nen, has h-linear growth of primary decompositions if, for every
non-negative integer n, there exists a minimal primary decomposition

G = QO N, With /Gl " C qip foralli =1,..., ky.

We say that (a,)nen, has linear growth of primary decompositions if it has k-linear
growth of primary decompositions for some positive integer k.

Let a be a proper ideal of R. Although the sequence of Frobenius powers of a
need not be an f-sequence, we say that the Frobenius powers of a have h-linear
growth of primary decompositions if, for every non-negative integer n, there exists
a minimal primary decomposition

alP"l = Qi N Nk, n with w/qm[pn]h Cqipforalli=1,... k.
An elementary argument will prove the following lemma.

7.2. Lemma. Let n : R — R’ be a homomorphism of commutative Noetherian
rings of characteristic p, and let (a,)nen, be an f-sequence of ideals of R'. Let
N> : R® — R'™ be the ring homomorphism induced by n (see §1). By EAl, the
sequence (n’l(ag))neNo is an f-sequence of ideals of R.

If (a]))nen, has h-linear growth of primary decompositions for some h € N, then

(nfl(a’n))neNO also has h-linear growth of primary decompositions.

Several of the results in this section will involve the hypothesis that R has a
p"o-weak test element for some mg € Nyg. We remind the reader of the definition
of such elements.

7.3. Definition (See [3], §6]). Let mg € No. A p™o-weak test element for R is an
element ¢ € R° such that, for every ideal b of R and for r € R, it is the case that
r € b* if and only if " € blP"] for all n > mg. A p’-weak test element for R is
called a test element for R.

Such a p™°-weak test element ¢ for R is said to be a locally stable p™°-weak test
element for R if, for each p € Spec(R), the image of ¢ in the localization R, is a
po-weak test element for R,.

Also, a p™°-weak test element c for R is said to be a completely stable p™° -weak
test element for R if it is locally stable and, for each p € Spec(R), the image of ¢ in
the completion I/%\p of the localization of R at p is a p™°-weak test element for ]/%\p.

It is a result of Hochster and Huneke [b] Theorem (6.1)(b)] that an algebra of
finite type over an excellent local ring of characteristic p has a completely stable
p"-weak test element, for some mg € Ny.

7.4. Lemma. Let n : R — R’ be a homomorphism of commutative Noetherian
rings of characteristic p, let S be a multiplicatively closed subset of R, and let ©
stand for extension with respect to the natural ring homomorphism R — S™!R.

(i) If @’ is an F-closed ideal of R', then n~1(a’) is an F-closed ideal of R.
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(ii) If @' is a tightly-closed ideal of R and there exists a p™° -weak test element
(where mo € No) ¢ for R such that n(c) is a p™° -weak test element for R’,
then n~1(a’) is a tightly-closed ideal of R.

(iii) If a is an F-closed ideal of R, then a® is an F-closed ideal of S™'R.

n

Proof. (i) Let 7 € (n~*(a’))¥, so there exists n € Ny such that 7?" € (n~'(a’))P"].
Thus there exist a1,...,a; € n~(a’) and rq,...,7; € R such that

™ =ral 4+ +ral .

Apply 7 to see that (n(r))?" € a’lP"]) so that 5(r) € o’ because o’ is F-closed.

(ii) Let 7 € (n~*(a'))*, so that cr?" € (n~'(a’))P"! for all n > mgy. Application
of 7 then yields that n(c)n(r)?" € a’lP"] for all n > mg. Since 5(c) is a p™o-weak
test element for R’ and a’ is tightly closed, n(r) € ao’.

(iii) Let 7 € R be such that 7/1 € (a®)¥ in S7!R, so that there exists n € Ny
with 77" /1 € (a®)P" = (alP")¢. Thus there exists s € S such that sr?" € al?"];
since sr € af” = a, it follows that r/1 = sr/s € a®. O

The motivation for our study of linear growth of primary decompositions came
from work of K. E. Smith and I. Swanson: in [I5, Theorem (1.2)], they showed
that, in K[X4,...,X4]/b, where K is a field of characteristic p, X1,..., X, are
indeterminates, and b is an ideal of the polynomial ring K[Xy,..., X4] generated
by monomials, the Frobenius powers of a proper ideal a generated by monomials
in the images of X7, ..., X4 have linear growth of primary decompositions (in the
sense of Definition [LT), and |J, ¢y, ass alP"l'is a finite set.

Our first major result in this section demonstrates a connection between the
two definitions in [Tt it shows that, if the Frobenius powers of the proper ideal a
of R have h-linear growth of primary decompositions and UneNo assal?"! is finite,
then the canonical f-sequence ((a[pn])F)neNO associated to a (see EINiii)) has h-
linear growth of primary decompositions. However, this result should come with
the warning that M. Katzman [I0] has provided an example of a proper ideal ? in
a ring of the type under consideration here for which UneNo assoP"] is infinite.

7.5. Theorem. Suppose that the Frobenius powers of the proper ideal a of R have h-
linear growth of primary decompositions (for some h € N), and that UneNo ass alP”]

is finite; let the members of the latter set be p1,...,ps, and let the corresponding
prime ideals of R (see GINi)) be P, ..., B, respectively.
For each i = 1,...,t, let ¢ and ¢ stand for extension and contraction with

respect to the natural ring homomorphism R — Ry, and let Ei and i stand for
extension and contraction with respect to the natural ring homomorphism R>* —

(i) For each n € Ny,

t

alr") = () ((a+ gty

i=1

is a primary decomposition, where ((a + pf)[l’"])e”c"’ is pi-primary for i =
1.t
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(ii) For each n € Ny,
t

= () (o p)

is a primary decomposztzon in_ which all the primary components are F'-
closed, where (((a + p?)[pn])F)elcl is pi-primary fori=1,....t.
iii) The f-sequence ((aP"1)F has h-linear growth of primary decomposi-
n€Np
tions. ’
(iv) We have U, e, ass(alP"1)F C Upen, ass alP"l, and so Unen, ass(alP"h)F
finite.
(v) Furthermore,
t
aR> = () ((a + o) RZ) >
i=1

is a primary decomposition of the ideal aR> of R*> to which the f-sequence

((a[p"])F)neNo corresponds, where ((a—l—pf)R"O)Ei ' is Py-primary for i =
1,...,t
Proof. For each n € Ny, there exists a subset A,, of {1,...,t} and a minimal primary

decomposition al?"l = (;cx gin, Where qi,, is p;-primary and P, o
1€ A,.

(i) Now al?"l C alP"] ph[p = (a+pM)P"T C q;p, so that
al?"l ¢ ((CH‘P )P ])em C (qin)““ = ¢4, forallieA,.

C gy, for all

Hence alP"! = Nica, ((a + p! " ]) “; moreover, for all i € {1,...,t}, we have
p?[p”] C (a+pMP"l C py, so that ((a—|— p?)[pn])eici is p;-primary. It follows that

t

alP"l — n ((a.’_p?)[pn])eici

i=1
is a primary decomposition, where ((a + pf)[P"])e"ci is p;-primary for i = 1,...,¢
(i), (iii), (iv) It is clear that
t t

(alP"]) ﬂ ((a+ph)P HF ﬂ ((a+phPrlyFye,

Note that, for each ¢ € {1,...,t}, we have pz[ ] C (a+p; MP") C p;, so that

o C (@t o)) C (a4 pD)P)T) I C (o) = = b

It follows that (((a + pf)P"1)F)*“ is p,-primary and it is F-closed by (i), (iii).
Therefore, the proof of parts (ii), (iii) and (iv) will be completed as soon as it is
shown that (a®"1)" D N!_, (((a + p)P"HFY for each n € Ny.

So let r € M, (((a+ pM)P")F)““. Then, for each i € {1,...,t}, there exists
s;i € R\ p; such that s;r € ((a —|— p; )[p ¥ this means that there exists k; € NO
with (s; r)pki € ((a+ p?)[”ﬂ]) P Set ko= max{k; : ¢ =1,...,t}. Then (slr)p €
((a+pM)P DT = (g ph)le" 1, so that

e ((a—l—pf)[pwk])e"'ci foralli=1,...,t¢t.
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Hence, using part (i), we see that 17" € MNi_, ((a + p?)[pwk])eici = ol =
(alP"1)P"), Therefore r € (alP"YF " as required.
(v) For each i = 1,...,t, the sequence (((a + p/)P /])F)nENo is the canoni-

cal f-sequence associated to a + pl; see I]iii). This f-sequence corresponds to
(a+pt) R, by Theorem [6.5; similarly, aR* is the ideal of R* corresponding to the
f-sequence ((a[pn])F)neNo. It is easy to check that U, cn, ¥n(R\p:) = R \B;, and
so it follows from Lemma [F5lthat ((a+ p?)R>°)F:Ci corresponds to the f-sequence
((((a + pf)[?"])F)eici)neNo. By part (ii), each term in the latter f-sequence is
p;-primary. The result therefore follows from Theorem ]

It was explained in the Introduction that our interest in linear growth of primary
decompositions of Frobenius powers of a proper ideal a of R arose from the argument
of Smith and Swanson in [15] that shows that if the Frobenius powers of a have linear
growth of primary decompositions, then a*R, = (aR,)* for all u € R. Our next
result shows, among other things, that linear growth of primary decompositions
of an f-sequence (a,)nen, that approximates to the Frobenius powers of a in the
sense that al?"l C a,, C (a[”"])* for all n € Ny would do just as well in this context,
provided that R has a p™°-weak test element, for some mg € Np. Note that
Theorem [LH shows that if the Frobenius powers of a have linear growth of primary
decompositions, then, provided UnENo assal?”l is a finite set, there is such an f-

sequence with linear growth of primary decompositions, namely ((alP"1)F),, ey, .

7.6. Theorem. Assume that R has a p™°-weak test element for some mgy € Ny; let
a be a proper ideal of R. Suppose that (a,)nen, is an f-sequence of ideals of R which
has linear growth of primary decompositions and is such that al?"] C a, C (a[p"])*
for all n € Ng.
(i) For each u € R, we have a*R,, = (aR,)*.
(i) If Upen, assay is a finite set, then a*S7IR = (aSTIR)* for every multi-
plicatively closed subset S of R.

Note. Note that, if (a],)nen, is an f-sequence of ideals of R such that a C ay, then,

n

for each n € Ny, we have alP"l C agpn] Cal, by E2(i).
Also, the condition that al?"! C a,, C (al?"l)* (for some n € Ny) can be described,
in the terminology of [3] (7.11)], by saying that a,, is trapped over alP"l.

Proof. Let S denote an arbitrary multiplicatively closed subset of R. It is clear
that a*S™'R C (aS™'R)*.

Let ¢ € R° be a p™o-weak test element for R. Let » € R be such that
r/1 € (aST'R)*. Thus there exists ¢ € R such that ¢/1 € (S_lR)O and cr?” /1 €
(aST'R)IP"] (in the ring of fractions S™'R) for all n > 0. If ¢ & R°, let d be an
element of R that belongs to those minimal primes of R to which ¢ does not belong,
and to no others: an argument in the proof of [3] Proposition 4.14] shows that we
may add a suitable power of d to ¢ to see that we can assume that ¢ € R°.

By hypothesis, there exists h € N such that, for each n € Ny, there is a minimal
primary decomposition a, = qi,, N -+ N qg, »n With \/W[p”]h C g4, for all 1 =
... kn.

(i) Here we consider the special case in which S = {u* : k € Ny}, and our
conclusion above specialises to the statement that ¢r?” /1 € (aR,)P"! (in the ring
of fractions R,,) for all n > 0, say for all n > ng.
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Therefore, for each n > ng, there exists t(n) € Ny such that cu!™r?" ¢ alP"],
Choose n > ng and i € {1,...,k,}. Now cut™¢P" € alP"l C a, C q;,,. If
cr?” ¢ g, then u'™ ¢ VUin, so that u € \/q;5, and uP"h € q;,. Tt follows
that c(ruh)?" € ﬂf;l Gin = A, C (alP"1)*. Tt should be noted that this is true for
each n > ng. Since ¢ is a p™o-weak test element for R, we have ¢/ (c(ru/)P")P™"
(aP"HP"™) for all n > ng. Therefore ¢/c?™ (ruh)P" ™ € alP""™° for all n > ny.
Since ¢'c?"" € R, it follows that ru” € a*, so that r/1 = ru” /u" € a*R,,.

(ii) Here, we revert to the situation where S is an arbitrary multiplicatively
closed subset of R.

Note that, by L.2(iv), assa,, C assan,41 for all n € Ng. Suppose that the finite
set UnENo assa, has t elements pq,...,p;. We can therefore relabel the terms in
the above-mentioned minimal primary decompositions so that ,/q; , = p; for all
i=1,...,k, and all n € Ny. It is notationally convenient to define, for any n € Ny
for which k, < t and any j € {k, +1,...,¢}, an additional p;-primary ideal q;
by qjn = f’(”'*")(qj,n/), where n’ is chosen so large that j < k,,. We shall
then have, for every n € Ny, a (not necessarily minimal) primary decomposition
Ap = qi,n N N Gepn With m[p"]h = pgpn}h C gy foralli=1,...,t. (The extra
primary ideals will also have the necessary properties to ensure that this holds.)

Recall that we have found ¢ € R° such that er?” /1 € (aS™'R)P"] (in the ring
of fractions S™!R) for all n >> 0, say for all n > ng. Hence, for each n > ng, there
exists s, € S such that cs,r?" € alP"l C q,, = q1,,0---NQs,n. Choose j € {1,...,t}.
Suppose that there exists an m > ng such that ¢r?” ¢ q;j,m, and choose the least
such m. Then s, € \/qjm = p;: define sy, to be this s,,, and note that sgfn € qjn
for all n € Ng. If, on the other hand, c¢r?” € qj,n for all n > ng, set sp, = 1. In
both cases, we have csgfnrp" € q;,n for all n > ng.

Set s := sp, ...sp, € S; we have c(rsh)P" € ﬂ;zl Qjn = an C (alP"D)* for all n >
ng. Since ¢’ is a p™0-weak test element for R, we have ¢ (c(rs")P")P"° € (alP"1)P™]
for all n > ng; thus /¢ (rsh)pwmo € a1 for all n > ng. Since P € R°,
it follows that rs" € a*, so that /1 = rs"/s" € a*S™'R. O

Our next major aim is to establish that, if a proper ideal 2 of R*> has a primary
decomposition, then the f-sequence (a,)nen, of ideals of R to which it corresponds
has linear growth of primary decompositions, and UneNo ass a, is finite. This will
enable us to exploit Theorem [Z8l(ii). We need one preparatory lemma.

7.7. Lemma. Let p € Spec(R) and let (qn)nen, be an f-sequence of p-primary
ideals of R. Let h € N be such that p* C qo. Then pl?"1h = \/q_n[pn]h C qp for
all n € Ny (so that, in the language of [I] the f-sequence (qn)nen, has h-linear
growth of primary decompositions).

Proof. By[ZZ(i), we have q([)pn] C g, C qo for all n € Ng. As R is Noetherian, there

exists h € N such that p"* C qo. Then q,, D q([)pn] D (pMP" = \/q_o[p”]h = /g
for all n € Ng. O

7.8. Remark. Let p € Spec(R) and let (qn)nen, be an f-sequence of p-primary

ideals of R. Let n € Ny. By [.2[i), we have (qg’”])F C qp. Let ©and € stand for
extension and contraction with respect to the natural ring homomorphism R —

R,. Then ((q([)p "])F )¢¢ C gy, since ¢, is p-primary. A simple example quickly shows
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that we cannot expect equality here: let K be a field of characteristic p, take
R = K[X], the polynomial ring in one indeterminate, and take g, = (X) for all
n € Np.

7.9. Theorem. If the proper ideal A of R has a primary decomposition, then the
f-sequence (a,)nen, of ideals of R corresponding to 2 has linear growth of primary
decompositions, and UneNo assa, is a finite set.

Proof. By Theorem[6.4], there are prime ideals p1, . .., p; of R such that the following
is true: each a, has a primary decomposition a, = q1,, N -+ N q¢,n such that qz .,
is pg-primary for all k = 1,...,¢ and all n € Ny, and (qx.n)nen, is an f-sequence
forall k =1,...,t.

Now there exist positive integers hi,...,hs such that mh’“ C qg,o for all

k =1,...,t. By Lemma [[7] we have ,/qk,n[”n]h’“ C (g, for all n € Ny and all
k=1,...,t. Hence, with h := max{hs,...,h;}, we have ,/qk,n[pn]h C qg,p, for all
n € Ny and all k=1,...,t. The final claim also follows from Theorem [6.4 O

In view of Theorems [Z.6[ii) and we are very interested in finding primary
decompositions of proper ideals of R*. However, in Theorem [6.9] we showed that
R*> is only Noetherian in rather uninteresting cases, and so the existence of a
primary decomposition for a proper ideal of R* would be a bonus that we should
not expect in all cases. Indeed, Example [T below is of an f-sequence (a,)nen, of
proper ideals (in a 2-dimensional regular ring R) which has linear growth of primary
decompositions, but for which the set | J,, ¢y, ass a, is infinite (so that, by Theorem
[[.9, the associated ideal of R* cannot have a primary decomposition).

7.10. Example. Let K be an infinite field of prime characteristic p, let (\;);en
be a sequence of distinct elements of K, and let (¢;)jen be a sequence of positive
integers. Let R = K[X,Y], where X and Y are independent indeterminates. Let [
be an integer such that 2 <1 < p.

Let (qo,n)nen, be the f-sequence of ideals of R for which qo, = (X) for all
n € Np; see B1(1).

Note that R is regular, so that, if a is an arbitrary ideal of R, then (a[pn])neNo is
the f-sequence ((al?"))F),cn,, since every ideal of R is tightly closed (see EINiii)).
With this and E2[iii) in mind, we let, for each j € N, (q;,n)nen, be the f-sequence
of (X, (Y — Aj))-primary ideals of R given by

- (lenfj, (Y _ /\j)tjpn) _ (Xl, (Y _ /\j)tjpi)[P7H] ifn >,
BT ) it < j.
Let (an)nen, be the f-sequence of ideals of R given by ay, := (;cy, @j,n for all n €
No; see[6.1(v). Note that, for m, j € Ny with j > m, we have fi-"(X) = X?" "
XIXP" e (X (Y = X)) = 453 hence dom = (X) € 707 (05) = Qjm
for all j > m. Thus

m—1 m—2

am:(X)ﬁ(le s (Y_Al)tlpm)m(le , (Y_)\2)t2pm)m' . 'Q(Xl, (Y—Am)tmpm).

It therefore follows that a,, = qo,mNG1,m N - N, m is a primary decomposition (in
which the radicals of the primary terms are all different), for each m € Ny. We show
next, by induction on m, that these primary decompositions are all minimal; it is
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clear that ap = qo,0 is a minimal primary decomposition, and so we now suppose
that m > 0 and make the inductive hypothesis that

Am—1 = q0,m—1 N d1,m-1 0 NGm—1,m—1

is a minimal primary decomposition.

Since (a,)nen, is an f-sequence, ass d,_1 C ass a,, by £2(iv). Therefore, none of
q0,m; - - - » gm—1,m can be omitted from the primary decomposition a,, = ﬂzlzo Ak, m-
We can then conclude that this primary decomposition is minimal simply by ob-
serving that

X(Y - /\1)t1pm e (Y - /\m—l)tm_lpm S (qO,m AqrmM---N qm—l,m) \ Im,m-

A consequence of this inductive argument is that (a,)nen, is an f-sequence of
ideals of R for which

assa, = {(X),(X,(Y —M\)),.... (X, (Y —\,))} forall n € No.

(Of course, in the case when n = 0, this statement is to be interpreted as ‘assag =
{(X)}.) It therefore follows from Theorem [6.4] that the ideal of R* to which
(an)nen, corresponds does not have a primary decomposition. However, if the
sequence (t;)jen is chosen so that it is bounded, by an integer ¢ say, then it is
straightforward to check that \/q]?[”n}t C q,,n for all n,j € Ng with j < n; thus
(an)nen, does have linear growth of primary decompositions.

We revert now to the general situation of our standard hypotheses. Our next
result will show that the primary components of the terms a,, in an f-sequence
(an)nen, corresponding to the minimal prime ideals of the f-sequence (see E2|(v))
never present any obstacle to the f-sequence’s having linear growth of primary
decompositions.

7.11. Proposition. Let (a,)nen, be an f-sequence of proper ideals of R, and let
P1,...,p1 be the minimal primes of this f-sequence (see EE2(v)). For each n € Ny
and each k € {1,...,1}, let qi., be the (uniquely determined) py-primary compo-
nent of a,. Let ky,..., ks be integers with 1 < k1 < ko < -+ < ky < 1. Then
(Akyn NGy NN qkt!”)nENo is an f-sequence of ideals of R which has linear
growth of primary decompositions, and the ideal of R> to which it corresponds has
a primary decomposition.

Proof. Set S := R\ U;Zl Pk;, a multiplicatively closed subset of R. Let ¢ and

¢ stand for extension and contraction with respect to the natural ring homomor-
phism R — S~!R. By B35, the sequence (a%%),cn, is an f-sequence of ideals of
R. But aff = qry.n N qryn N -+ Nk, n for all n € Ng. As particular cases, we see
that, for each j = 1,...,t, the sequence (qx; n)nen, is an f-sequence. It therefore
follows from Theorem that the ideal of R* to which the f-sequence (aS),en,
corresponds has a primary decomposition. Hence (aS%),en, has linear growth of

primary decompositions, by Theorem [Z-9] O

7.12. Corollary. Let (a,)nen, be an f-sequence of proper ideals of R with the
property that each a, (n € Ng) has no embedded prime. Then (ap)nen, has linear
growth of primary decompositions, and the corresponding ideal of R* has a primary
decomposition.
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Thus the problems, in showing that a given f-sequence (a,)nen, of proper ideals
of R has linear growth of primary decompositions, rest entirely with the embedded
primary components of the a,,. None of these is ever uniquely determined, and
the issues revolve around whether or not it is possible to make appropriate choices
for these embedded primary components. In (the proof of) Theorem above,
we saw that, if the ideal of R corresponding to the f-sequence (a,)nen, has a
primary decomposition, then there are natural choices for the above-mentioned em-
bedded primary components that satisfy the conditions necessary for linear growth
of primary decompositions.

In the next section, we shall present some examples of proper ideals in non-
Noetherian perfect closures that do have primary decompositions.

The results of this section provide a strategy for attempting to show that, for
a given proper ideal a of R, tight closure commutes with localization with respect
to an arbitrary multiplicatively closed subset of R: if we can find an f-sequence
(an)nen, of ideals of R such that a,, is trapped over al?"] for all n € Ny, if R has a
pMo-weak test element (for some mg € Ny) and if the ideal of R* to which (a,,)nen,
corresponds has a primary decomposition, then it follows from Theorem [9 that
(an)nen, has linear growth of primary decompositions and that (J, ¢y, assan is a
finite set, and it then follows from Theorem [T6l(ii) that a*S™'R = (aS~!R)* for
every multiplicatively closed subset S of R. We should perhaps mention at this
point that, by-and-large, we have only managed to get this strategy to succeed
in situations where it had already been proved that tight closure commutes with
localization. However, our next result shows that the above-mentioned hypotheses
needed for the strategy to work actually ensure that the f-sequence ((a[pn])*)n N,
of tight closures of the Frobenius powers of a (see Lemmal5.1)) also has linear growth
of primary decompositions, and that (J,, <y, ass(al?"1)* is finite.

This is interesting, because M. Katzman’s approach in [10] to the localization

problem for tight closure led to the following question: is it the case that, for every
ideal b of R, the set J, oy, ass(bP"1)* has only finitely many maximal elements?
Our strategy outlined above, used in conjunction with Theorem [CT3] below, will
enable us to conclude in §8 that |J, oy, ass(b[P"1)* is actually a finite set in several
cases where it is known that, for b, tight closure commutes with localization with
respect to an arbitrary multiplicatively closed subset of R.
7.13. Theorem. Let a be a proper ideal of R. Suppose that (an)nen, @S an f-
sequence of ideals of R which is such that al?"] C a,, C (a[”"])* for all n € Ny, and
that the ideal A of R* to which (ay)nen, corresponds has a primary decomposition,
so that, by [C9, the set UnENo ass a, s finite. Let the members of the latter set be
P1,--., P, and let the corresponding prime ideals of R (see [G1i)) be P, ..., Py,
respectively.

For each i = 1,...,t, let ¢ and ¢ stand for extension and contraction with
respect to the natural ring homomorphism R — R,,.

(i) There exists h € N such that, for each n € Ny,

t

an = () ((an + 7

i=1
is a primary decomposition in which each primary component is F-closed,
where ((a, + p?[p ])F)e"’c"' is p;-primary fori=1,...,t.
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(ii) Assume that R has a p™°-weak test element, for some mo € No. Then,
with h as in (i),
(a) for each n € Np,

t
a[p n a—l—p ) )eiCi

is a primary decomposition in which each primary component is F'-
closed, where (((a + p?)[”"])*)e1'c” is ps-primary fori=1,...,t, and
the ideal of R> to which the f-sequence ((a[pn])*)neNo corresponds
has a primary decomposition;
(b) the f-sequence ((a[”"])*)neNo has h-linear growth of primary decom-
positions, and the set |J,,cx, ass(alP"1)* is finite; and
(©) Unen, ass(a?"1)* € U, ey, ass an.
(iii) If R has a locally stable p™°-weak test element, for some mgy € Ny, then,
for each n € Ny, and with h as in (i),

ﬂ (a+pi)P ey

is a primary decomposition in which each primary component is tightly
closed, where ((((a + phylprTyedy: )C’ is p;-primary fori=1,... t.

Proof. By Theorems and each a, has a primary decomposition

an:ql,nm"'mqt,n

such that (q;n)nen, is an f-sequence of p;-primary ideals of R for all i = 1,...,¢,

and there exists h € N such that 1/qi7nh[pn] = p?[pn] C qin = qfn for all n € Ny
andallt=1,...,¢
(i) Now a,, C a, +ph[p Ic qi.n, SO that

a4, C ((an +pf P HF)S C (gF, )5 = q08 =iy foralli=1,...,t.

Hence a, = (i_, ((a, + p?[pn])F)eici; moreover

hlp"] ~

p;" 0 C (an + ph[p ])eiCL ((an + ph[p ]) )eici Cyp; foralli=1,...,¢,

so that ((a, + ph[p )F)““" is p;-primary. It follows that

t

an = () ((an +p; " HF) "

i=1

is a primary decomposition, where ((an—l—ph[p ]) )eici is p;-primary for i =1,...,t,
and parts (iii) and (i) of Lemma [[4 show that each primary component in this
decomposition is F-closed.

(ii) Let ¢ be a pmo—weak test element for R.

It is clear that (al?"1)* € Oi_,((a +p")P" 1) C N, (((a + pP)P"1)*)““. Note

that, for each i € {1,...,t}, we have p[-pn]h C(a+ p?)[”n] C p;, so that

p I C (@ )Py C (((a+ plP1) ) C () = s = .



IDEALS IN A PERFECT CLOSURE 3711

It therefore follows that (((a + pf)P"1)* )eici is p;-primary. We show next that

((C
Nizy (((@+pH)P" 1)) C (o).
So let r € ni:1 (((a + p! )Ty )eici. Then, for each ¢ € {1,...,t}, there exists
s; € R\ p; such that s;r € ((a + pP)P")*; therefore, for all m > myg, we have
c(sir)?" € ((a+ ph)P"1)P"]. Therefore

m m

n+m
est P e alP”™"] -HJMP

ntm Rlpntm™
] g an+m + pz [p ]

- (an+m + p?[p7L+7”])F for all m > myg.
Hence, for alli = 1,...,t, we have cr?” € ((an+m+ph[p o ]) )eici for all m > myg.

One can now use part (i) to deduce that cr?™ € a4 C (alP”"™1)* for all m > my.
We again use the fact that c is a p°-weak test element to deduce that

c(er?” )p’“ c (a[p"+’“])[pk] — gl

for all m, k > my.

Take k = my to see that ¢!t r?™ "™ ¢ (alP")P" ™1 for all m > my. Since

1+p’"0 c }%o7 lt fOHOWS that re ( [ ]) . Therefore

(@) = () (@ pl)#")7)

.

=1

is a primary decomposition, where (((a—l—p?)[”n])*)eici is p;-primary for ¢ = 1,...,t.
Since a tightly-closed ideal is F-closed, it again follows from parts (iii) and (i) of
Lemma [7.4] that each primary component in this decomposition is F-closed.

By Lemmas .I]and for each i = 1,...,t, the sequence

((((u 4 pyPrTys )ec>

is an f-sequence of p;-primary ideals. It follows from Theorem [E 4 that the ideal of
R* to which the f-sequence ((a[p"])*)n €N corresponds has a primary decomposi-

neNg

tion; all the remaining claims in part (ii) are now clear.
(ili) Let ¢ be a locally stable p™-weak test element for R.
Arguments similar to those used in the above proof of part (ii) will show that

¢
n a+p ])ef)*)m‘
i=1
and that ((((a+p yPryeiy )C is pl -primary for each ¢ =1,...,%.
Now let 7 € Ni_; (((a +pH)P")) ) and j € {1,...,t}. Then we have that

r/l1e (((a+ p?)[’”) i)*; since ¢/1 is a p™°-weak test element for Ry, we see that,
for all m > my,

mn) mtn) hlp™T™]

) = (@l e

PN C (g + 0t ),

€;Cq
)F) 7 for all m > mg. One can now use

" 1 (@ + B0 = (a4 9l

h m+n
C (am—i-n + p; ]

m n+m
Therefore cr?” € ((an4m + p?[” ]

pn+7n])

part (i) once again to deduce that cr?” € a,4,, C (al * for all m > my, and
*

proceed as in the proof of part (ii) to conclude that 7 € (alP"1)*.
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Thus
t
. Cj
ﬂ ((a+pnlPTyen))

is a primary decomposition, where ((((a + p} Ryl ]yei)x )C is p;-primary for ¢ =
1,...,t, and this time one can use Lemma [TA[ii) to see that ((((a -+ pk)P"1)er)* )
is tightly closed (for each i = 1,...,¢). O

The next theorem draws together results that now follow, in the presence of
additional hypotheses, from the original hypothesis of Smith and Swanson that
the Frobenius powers of the proper ideal a of R have linear growth of primary
decompositions.

7.14. Theorem. Suppose that the Frobenius powers of the proper ideal a of R have
linear growth of primary decompositions, and that UneN0 ass al?"l is finite. Then

(i) the ideal aR™ of R to which the f-sequence ((alP"1)f")
has a primary decomposition;
(ii) the f-sequence ((a[pn])F)neNo has linear growth of primary decompositions;
(it)) Unen, ass(alP" " C Unen, ass alP"l and so the set Unen, ass(alP"1)F
finite.
Furthermore, if R has a p™°-weak test element, for some mgy € Ny, then, in addi-
tion,
(iv) a*ST'R = (aS~'R)* for every multiplicatively closed subset S of R;
(v) the ideal of R to which the f-sequence ((ct[p”])*)nel\I0 corresponds has
a primary decomposition, so that the f-sequence ((a[pn])*)nel\I0 has linear
growth of primary decompositions; and
(vi) J%JneNo ass(alP"l)* C Unen, ass(alP" ¥, so that the set Unen, ass(alP"1)* is
nite.

neN, corresponds

Proof. The claims in parts (i), (i) and (iii) follow from Theorem [Z5 Since al?"] C
(alP"HF C (alP"l)* for all n € Ny, all the other claims therefore follow from Theo-

rems [[6|(ii) and [7I3(ii). O

We end this section by drawing together in one theorem the conclusions of this
section which together provide a strategy for attempting to show, for a given proper
ideal a of R, that tight closure commutes with localization at an arbitrary multi-
plicatively closed subset of R and that |J, oy, ass(alP"1)* is finite.

7.15. Theorem. Let a be a proper ideal of R. Suppose that (a,)nen, i an f-
sequence of ideals of R such that al?"] C a,, C (aP"1)* for all n € No. Suppose that
the ideal A of R to which (an)nen, corresponds has a primary decomposition.
Then

(i) the f-sequence (ap)nen, has linear growth of primary decompositions;
(ii) the set U, e, assay, is finite.
Furthermore, if R has a p™°-weak test element, for some mg € Ny, then, in addi-
tion,
(iii) a*S™'R = (aSTLR)* for every multiplicatively closed subset S of R;
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(iv) the ideal of R> to which the f-sequence ((ct[p"])*)nel\l0 corresponds has

a primary decomposition, so that the f-sequence ((a[”n])*)nel\l0 has linear
growth of primary decompositions; and

(V) Unen, ass(alP"l)* C Unen, @ssan, so that the set U, oy, ass(alP"l)* is fi-
nite.

Proof. The claims in (i) and (ii) follow from Theorem [C9. The claim in (iii) then
follows from Theorem [ZH(ii), while those in (iv) and (v) follow from Theorem
7T3(i). 0

8. APPLICATIONS OF THE STRATEGY

Throughout this section, R will denote a commutative Noetherian ring of prime
characteristic p. The aim of this section is to give several examples of choices of (R
and) the proper ideal a of R for which the set [ J,,cy, ass(alP")* is a finite set. We
use either the strategy of Theorem[7.14] or that of Theorem [T.15] but in most of the
examples presented below, it is already known that a*S~!'R = (aS~'R)* for every
multiplicatively closed subset S of R. Our first application uses Theorem [7.14.

8.1. Proposition. Let a be a proper ideal of R such that, for every n € Ny, all the
associated primes of alP"l are minimal. Then

(i) the Frobenius powers of a have linear growth of primary decompositions;

(ii) the ideal aR> of R* has a primary decomposition;

(iii) the f-sequence ((a[pn])F)neNo has linear growth of primary decompositions;

(iv) Unen, ass(alP")F is equal to the set of minimal primes of a.
Furthermore, if R has a p"°-weak test element, for some my € Ny, then, in addi-
tion,

(v) a*STIR = (aSTLR)* for every multiplicatively closed subset S of R;

(vi) the ideal of R* to which the f-sequence ((a[””])*)nel\lO corresponds has

a primary decomposition, and so the f-sequence ((a[”"])*)nel\l0 has linear
growth of primary decompositions; and
(vil) the set U, en, ass(alP"1)* is (finite and) equal to the set of minimal primes

of a.

Proof. Let pq,...,p: be the minimal prime ideals of a. For each i = 1,...,¢, let
¢ and ¢ stand for extension and contraction with respect to the natural ring
homomorphism R — R,,.
Now alP"l = ﬂ:zl(a[p"])eici is the unique minimal primary decomposition of
alP”] (for each n € Ny). Choose h € N such that p? C a®® for all i = 1,...,t. Let
i€ {1,...,t} and r € p?. Then there exists s; € R\ p; such that s;r € a, so that

n

sP rP" € alP"l and 2" € (alP"l)ic (for all n € Ny). This shows that the Frobenius
powers of a have h-linear growth of primary decompositions.

The remaining claims follow from Theorem [[.14] (and the fact that a prime ideal
of R is tightly closed). O

8.2. Example. If R is a Cohen-Macaulay ring and a is an ideal generated by a

regular sequence (r;)¥_,, then, for all n € Ny, the n-th Frobenius power alP"l is

generated by the regular sequence (r? ”)le, and so is unmixed; thus the initial

hypothesis of Bl is satisfied, and conclusions (i), (i), (iil), (iv) of Bl hold. If, in
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addition, R has a p™°-weak test element, for some mg € Ny, then the other three
conclusions of B also hold.

Some of the results in this section will concern situations where we can, in some
sense, ‘approximate’ R by a regular commutative Noetherian ring of characteristic

p.
8.3. Remark. Suppose that R is regular.

(i) As the Frobenius homomorphism f: R — R is flat (see [11]), every ideal
of R is F-closed (and tightly closed).

(ii) It also follows from the fact that f is flat that, if q is a p-primary ideal
of R, then so too is qP"] for all n € Np, and that if a = q; N ---Nqq is
a minimal primary decomposition of the proper ideal a of R, then alP"l =
q[lp Th...n qu "l'is also a minimal primary decomposition of al?"l, for all
n € Np.

(iii) It is even the case that, if q is a p-primary irreducible ideal of R, then q[”"]
is also irreducible, for each n € Ny. To see this, let F'g denote the Frobenius
functor R’ ®p («) on the category of R-modules and R-homomorphisms,
where R’ is R considered as a left R-module in the usual manner and as a
right R-module via the Frobenius homomorphism.

Since Er(R/q) = Er(R/p), it follows that R/qP! = F(R/q) is isomor-
phic to a submodule of F(Er(R/p)); however, F(Er(R/p)) = Er(R/p),
by [8, Proposition 1.5], and so Eg (R/q[p]) must be isomorphic to an in-
jective submodule of the indecomposable injective R-module Egr(R/p);
therefore Er(R/qlP') 2 ER(R/p) and q'? is irreducible.

8.4. Proposition. Suppose that R is reqular. Then each finitely generated proper
ideal of R has a primary decomposition.

Proof. Let 2 be a finitely generated proper ideal in R*. Let (a,)nen, be the f-
sequence corresponding to 2. As every ideal in R is F-closed (see B3(1)), it follows

n

from Theorem [6.0] that there exists k € Ny such that agq, = aLp Vor all n € Np.
Consider a minimal primary decomposition a; = q1 5N - - Mgy of ai. By B3(ii),
for each n € Ny,

R N

is a minimal primary decomposition. Since every ideal of R is F-closed, it follows
from ELTN(ii1) and [E2(iii) that there is, for each j = 1,...,¢, an f-sequence (q;n)nen,
of /q; r-primary ideals of R with

o ek
I f_(k_")(qﬁk) ifn<k.

Note that a,, = g1, NN gy for all n € Ny, It now follows from Theorem
that 2 has a primary decomposition. (I

We shall extend the result of Proposition 4] to a wider class of rings. Recall
that a homomorphism of commutative rings g : A — B is said to be pure if, for
every A-module M, the map M ®4 A — M ® 4 B is injective. When this is the
case, g must be injective, we identify A as a subring of B, and we say that A is a
pure subring of B; also, for each ideal a of A, we have aB N A = a, so that A is
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Noetherian if B is. Note that if A is a direct summand of B as an A-module, then
A is a pure subring of B.

8.5. Lemma. Suppose that R is a pure subring of the reduced commutative Noe-
therian ring R'. Let 2 be a proper ideal of R*. Then

(i) R* is a pure subring of R'*°;
(ii) if AR'*° has a primary decomposition as an ideal of R'*°, then A has a
primary decomposition in R>®; and
(iii) #f R’ is regular, then every finitely generated proper ideal of R>® has a
primary decomposition.

Proof. (i) It is straightforward to use [I2, Theorem 7.13] to show that R is a pure
subring of R'®°.

(ii) This is now immediate, since it follows from part (i) and the comments
preceding the statement of the lemma that 2 = AR’ N R,

(iii) By Proposition [84] every finitely generated proper ideal of R’ has a pri-
mary decomposition. If 2 is a finitely generated proper ideal of R, then 2AR'* is
a finitely generated ideal of R'*°, and so the claim follows from part (ii). O

8.6. Theorem. Let R"” be a pure subring of a regular (commutative Noetherian)
ring of characteristic p, and assume that either R is a purely inseparable extension

ring of R” or that R" is a purely inseparable extension ring of R. Let a be a proper
ideal of R. Then

(i) every finitely generated proper ideal of R has a primary decomposition;
(ii) the f-sequence ((a[p"])F)neNo has linear growth of primary decompositions;
(iil) the set U, e, ass(alP")F s finite.

Furthermore, if R has a p™°-weak test element, for some mgy € Ny, then, in addi-
tion,

(iv) a*ST'R = (aS~'R)* for every multiplicatively closed subset S of R;

(v) the ideal of R to which the f-sequence ((ct[pn])*)nel\l0 corresponds has
a primary decomposition, and so the f-sequence ((a[pn])*)neNo has linear
growth of primary decompositions; and

(vi) J%JneNo ass(alP"l)* C Unen, ass(alP" ¥ so that the set Unen, ass(alP"1)* is

nite.

Proof. (i) Since R = R"*° (by [[4) and R” is Noetherian, we can assume that R
itself is a pure subring of a regular (commutative Noetherian) ring of characteristic
p, and then the result follows from Lemma because a regular ring is reduced.
All the other claims now follow from Theorem [Z.15, because the f-sequence
((a[pn])F )n €No corresponds to the finitely generated proper ideal aR> of R> (by

Theorem [6.5), and so has a primary decomposition by part (i); note that al?"l C
(alP™)F C (alP")* for all n € No. H

Note that a ring R satisfying the hypotheses of Theorem need not have the
property that every ideal is F-closed. As an example, consider K[X?, X3] C K[X],
where K is a field of characteristic 2 and X is an indeterminate. The regular ring
K[X]is a purely inseparable extension of K[X?2, X3]. The ideal a = (X?)K|[X?2, X3
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does not contain X3, but
(X%)? = X0 e (XMK[X?, X°) = (X*)K[X?, X)),
Therefore a is not F-closed.

Our next two results are concerned with the case where R is a domain and involve
the absolute integral closure R of R; it should be noted that R can be identified
with the subring

{0 € RT : there exists n € Ny such that o?" € R}.

It is known that, if R is an excellent regular local ring, then RT is flat over R; see
[1, Theorem 9.1] and [6].

8.7. Proposition. Suppose that R is a domain and that R™ is flat over R.
(i) Let q be a p-primary ideal of R, and let P be the prime ideal of R™
corresponding to p. Then qRT N R* is a P-primary ideal of R™.
(ii) Let a be a proper ideal of R, suppose that

a:qlm...ﬂqt

is a primary decomposition, where q; is p;-primary fori = 1,...,t, and
let P1,...,P: be the prime ideals of R corresponding to pi,...,p:, re-
spectively. Then

t
aR* N R = ((q:R" N R™)
i=1
is a primary decomposition in R*, where q; RTNR> is P;-primary for i =
1,...,t

Proof. (i) Let p € R®. Then p = /7" for some r € R and n € N.

If p € B, then » € p and multiplication by r provides a monomorphism of
the R-module R/q. Since RT is flat over R, it follows that multiplication by r
provides a monomorphism of the R-module (R/q) ®g R™; the latter module is
isomorphic to R /qR*, and this has a submodule isomorphic to R*®/qR*T N R*.
Hence multiplication by r provides a monomorphism of R*®/qR* N R*, and so
multiplication by r'/?" = p also provides a monomorphism of this R*-module.

On the other hand, if p € 9B, then r € p, and some power of r belongs to g;
hence some power of /7" = p belongs to gRT N R>. It follows that gRT N R™ is
a P-primary ideal of R*°.

(i) Since RT is flat over R, we have aRT = (._, q;RT, and so aR* N R™ =
Ni_,(q: Rt N R>). Also, it follows from part (i) that q;RT N R™ is P;-primary for
alli=1,...,t. ([

8.8. Corollary. Suppose that R is a subring of an excellent reqular local ring R’
and that R’ is integral over R. Let a be a proper ideal of R. Then
(1) the ideal of R* to which the f-sequence ((a[pn])*)neNo corresponds has a
primary decomposition;
(ii) the f-sequence ((a[”"])"’)nel\I0 has linear growth of primary decompositions;
(iii) the set U, ey, ass(al?" 1) is finite.
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Furthermore, if R has a p"°-weak test element, for some my € Ny, then, in addi-
tion,
(iv) a*ST'R = (aS~'R)* for every multiplicatively closed subset S of R;
(v) the ideal of R to which the f-sequence ((ct[pn])*)nel\l0 corresponds has
a primary decomposition, and so the f-sequence ((a[p ’])*)nENo has linear
growth of primary decompositions; and
(Vi) Unen, ass(alP"l)* C Unen, ass(alP" )t so that the set Unen, ass(alP"1)* is
finite.

Note. Actually, the conclusion of part (iv) can be established easily, even without
the existence of a p™°-weak test element, by a combination of arguments in the
proof of K. E. Smith [14] Lemma 2] and in Huneke [7), p. 15].

Proof. (i) We have R'" = R™; since R'" is flat over R’ (see [7, Proposition 9.1]), it
follows from Proposition B.7 that the ideal
aRTNR'™ =aR"NR> = (aR )R N R

of R’*° has a primary decomposition. Now R is a subring of R’*°, and so it follows
that aRT N R*, which is the contraction of aR*™ N R'*® to R*°, has a primary
decomposition. However, by Lemma [5.7] the ideal aRt N R*® of R® corresponds
to the f-sequence ((a[p"])"’)neNO.

All the remaining claims now follow from Theorem [7.15] because al?”! C (o.[pn])Jr
C (alP"1)* for all n € Ny. O

The next theorem is one of the main results of this section. It should be noted
that many cases of the result of BY(iv) about localization of tight closure follow
from the result of I. M. Aberbach, Hochster and Huneke in [II Theorem (6.9)];
however, the proof below is very different from theirs. All the other results of
are believed to be new.

8.9. Theorem. Suppose that R is equidimensional [12| p. 250] and integral over a
reqular excellent subring A, and let a be an ideal of R which is the extension of a
proper ideal b of A, that is, a = bR. Then
(1) the ideal of R™ to which the f-sequence ((a[pn])*)neNo (see and [54)
corresponds has a primary decomposition;
(ii) the f-sequence ((a[”"])"’)nel\I0 has linear growth of primary decompositions;
(iii) the set U, ey, ass(al?" 1) is finite.
Furthermore, if R has a p™°-weak test element, for some mgy € Ny, then, in addi-
tion,
(iv) (see Aberbach—Hochster—Huneke [T} Theorem (6.9)]) a*S™!R = (aS™1R)*
for every multiplicatively closed subset S of R;
(v) the ideal of R™ to which the f-sequence ((a[”"])*)nel\lO corresponds has
a primary decomposition, and so the f-sequence ((a[”"])*)nel\l0 has linear
growth of primary decompositions; and
(vi) Unen, ass(alP"l)* C Unen, ass(alP")T, so that the set Unen, ass(alP"ly* s

finite.
Proof. (i) Suppose that there are h minimal prime ideals pq,...,ps of R. Let
1€ {l,...,h}. Since R is equidimensional, we have

dim A/ANp;, =dim R/p; = dim R = dim A
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and so A Np; is a minimal prime ideal of A. Therefore A/A Np; is a direct factor
of A, and so is itself a regular excellent domain, and the extension integral domain
R/p; is integral over it. One can now use Lemma [5.4] to see that it is sufficient to
establish part (i) under the additional hypothesis that R is a domain, and so it is
assumed that that is the case for the remainder of the proof of part (i). However,
in that case, since the class of excellent rings is closed under localization, it follows
from [7, Theorem 9.1] that A" is flat over A. Note that AT = R", and when
we identify R*° and A* with subrings of AT = R™ in the natural way, we have
A® C R>® C At = RT.

Let g be a p-primary ideal of A. We next show that (qR) RTNR has no embedded
associated prime ideal. Note that (qR)RT™ = qAT. Hence ((qR)RTNR)N A =
gAT N A = q7 = q since A is regular, so that every ideal of A is tightly closed.
Suppose that v € Spec(R) is an embedded prime ideal of (qR)R* N R, and seek a
contradiction. Then there exists a minimal prime ideal s € assg((qR)R™ N R) with
5 C t (the symbol ‘C’ is reserved to denote strict inclusion). Since R is integral
over A, it follows that p € s A C tN A. This means that there exists a € t N A
such that multiplication by a provides a monomorphism of A/q. Since AT is flat
over A, multiplication by a provides a monomorphism of A" /qA* = RT/(qR)R™;
hence multiplication by a provides a monomorphism of R/(qR)R* N R. But this is
a contradiction, because t consists of zerodivisors on R/(qR)R™ N R. This shows
that (qR)" = (qR)R™ N R has no embedded prime.

Furthermore, since A is regular, the Frobenius powers of the p-primary ideal q
of A are again p-primary (see[B3(ii)), so that, by the above paragraph,

@”IRRY N R = ((qR)P")*
has no embedded prime (for each n € Ny). It now follows from that the f-
sequence (((qR)[p"])*)n eNo has linear growth of primary decompositions, and the
ideal of R* to which it corresponds has a primary decomposition.

Now let b = g1 N ---Nq, where q; is p;-primary for ¢ = 1,...,¢, be a minimal
primary decomposition of b in A. Then, by B3(ii), for each n € Ny,

plP") = q[lp”] N---N qu"], where quﬂ] is ps-primary for i =1,...,t,
is again a minimal primary decomposition. Since AT is flat over A, we have,
again for each n € Ny, that blP"lA+ = NI_, qu”]A*, that is, (bR)IP'IRT =
ﬂzzl(qiR)[pn]R*. Now contract back to R, and recall that a = bR: one obtains

that
¢

(alP"ht = r}((qiR)[pn])Jr for all n € Ny.
i=1
By the immediately preceding paragraph, the ideal Q; of R*>® to which the f-
sequence (((qiR)[p"])Jr)n ey, corresponds has a primary decomposition (for each

i=1,...,t). Therefore ﬂ§:1 ; has a primary decomposition; however, by G.I(v),
the ideal n§=1 £, corresponds to the f-sequence ((a[p”])Jr) This completes
the proof of part (i).

All the remaining claims now follow from Theorem [T-15] because al?"! C (a[”"])+
C (alP"y* for all n € Ny, by Lemma [F4Li). O

n€Ng”

8.10. Corollary. Assume that R is an equidimensional complete local ring of di-
mension d, and let x1,...,xq form a system of parameters for R. Let a denote a
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proper ideal of R generated by ‘polynomials’ or ‘formal power series’ in x1,...,xq
with coefficients in the prime subfield of R (or even in a coefficient field K of R).
Then
(i) the ideal of R to which the f-sequence ((alP"1)*)
primary decomposition;
the f-sequence ((a " as linear growth of primary decompositions;
h P nen, has b h d
) the set U,en, ass(alP")T is finite;
v) a*ST R =(ad" or every multiplicatively closed subset S of R;
i *STIR S—IR)* ltiplicatively closed subset S of R
e ideal o o whic e f-sequence ((alP"])* corresponds has
the ‘ideal of R* to which th P nene ds h
a primary decomposition, and so the f-sequence ((a[pn])*)
growth of primary decompositions; and
(vi) Unen, ass(alP"hy* C Unen, ass(alP" )t so that the set Unen, ass(alP"1)* is
finite.

neN, corresponds has a

€N, has linear

Proof. By Cohen’s structure theorems for complete local rings, there exists a coef-
ficient field K of R, and R is a finite module over its complete regular local subring
A = Klz1,...,24]]; see [12, Theorem 29.4], for example. Now a complete local
ring is excellent, and so A is an excellent regular local ring, and R has a p™°-weak
test element, for some my € Ny, by Hochster—Huneke [5, Theorem (6.1)(b)]. All
the claims therefore follow from Theorem B9. O

The final corollary gives a partial extension of the results of Corollary BI0|(iv)-
(vi) to an equidimensional excellent local ring.

8.11. Corollary. Assume that R is an equidimensional excellent local Ting of di-
mension d, and let x1,...,xq form a system of parameters for R. Let a denote a
proper ideal of R generated by ‘polynomials’ in x1,...,xq with coefficients in the
prime subfield of R. Then
(i) a*S™IR = (aS™IR)* for every multiplicatively closed subset S of R;
(i) the ideal of R* to which the f-sequence ((a[p”])*)neNO corresponds has
a primary decomposition, so that the f-sequence ((a[pn])*)neNO has linear
growth of primary decompositions; and
(iii) the set U, en, ass(alP"1)* is finite.

Proof. We first show that we can apply Corollary to the completion R of R,
by showing that R is also equidimensional. Let p be a minimal prime ideal of
R and let p := p N R. Then dim R/p = d, and ﬁ/pf{ is a minimal prime of the
completion }A%/ p}A% of R/p. Since R is universally catenary, it follows from a theorem
of L. J. Ratliff (see [12, Theorem 31.7]) that

dim R/p = dim(R/pR)/(p/pR) = dim R/pR = dim R/p = dim R = dim R.

Hence R is equidimensional. R

It now follows from Corollar/}fthat the ideal of R*° to which the f-sequence
(( (aR)[p"])"’)n N (of ideals of R) corresponds has a primary decomposition. Hence,
by [£4] the ideal of R> to which the f-sequence (((aﬁ) P+ NR) nen, (Of ideals of
R) corresponds has a primary decomposition; note that

a?"l C ((aR)P'NT N R C ((aR)P")) N R
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for all n € Nyg. But R has a completely stable p”°-weak test element, for some

m

o0 € Np, by Hochster—Huneke [5] Theorem (6.1)(b)], and it is easy to use this to

see that ((aé)[”n})* N R = (alP"l)* for all n € Ny. All the claims now follow from
Theorem [[15. O
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